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Abstract, k a is a Lie algebroid over a foliated manifold {M,T), a foliation of A is 
a Lie subalgebroid B with anchor image TT and such that A/B is locally equivalent with 
Lie algebroids over the slice manifolds of We give several examples and, for foliated Lie 
algebroids, we discuss the following subjects: the dual Poisson structure and Vaintrob's super- 
vector field, cohomology and deformations of the foliation, integration to a Lie groupoid. In 
the last section, we define a corresponding notion of a foliation of a Courant algebroid A as a 
bracket-closed, isotropic subbundle B with anchor image TT and such that B^ / B is locally 
equivalent with Courant algebroids over the slice manifolds of T. Examples that motivate 
the definition are given. 

The main categories of interest for Differential Geometry are the C°° category 
and the complex analytic category. However, there also is a significant interest 
in the category of foliated manifolds. On the other hand, in the last thirty 
years Lie algebroids became a central theme of differential-geometric research, 
usually within the framework of the C°° category. Recently, a general study 
of holomorphic Lie algebroids has also been done (see [21 [10]). The aim of the 
present paper is to start a similar study of Lie algebroids in the C°°-foliated 
category. 

Essentially, we will say that a Lie subalgebroid S is a foliation of the Lie 
algebroid A over the foliated manifold (M, T) if the anchor image of B is TT 
and A/B is locally equivalent with Lie algebroids over the slice manifolds of 
J-. In Section 1, after giving the precise definitions and first properties, we 
discuss several examples of foliated Lie algebroids {A,B): classical foliations, 
transitive foliations that correspond to foliated principal bundles, foliated Dirac 
structures, etc. In Section 2, we show that the tangent Lie algebroid of a 
foliated Lie algebroid is a foliated Lie algebroid. In Section 3, we establish the 
characteristic properties of the dual Poisson structure and of Vaintrob's super- 
vector field of a foliated Lie algebroid. In Section 4, we define the cohomological 
spectral sequence of a foliated Lie algebroid and prove a Poincare lemma in a 
particular case. Then, we define deformations of a foliation B oi A and prove 
the existence of corresponding, cohomological, infinitesimal deformations. In 
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Section 5, we show that, if A is integrable to a Lie groupoid G and B is a 
fohation of A, G has a foHation G such that the restriction of the construction 
of the Lie algebroid of A to the leaves of G produces the Lie subalgebroid B. 
Finally, in Section 6, we give a corresponding definition of foliated Courant 
algebroids. With a notation similar to the above, in the Courant case we will 
ask i? to be a bracket-closed, isotropic subbundle of the Courant algebroid A, 
with anchor image T!F, such that /B is locally equivalent with Courant 
algebroids over the slice manifolds of J^. A usual foliation is a foliation of the 
Courant algebroid TM © T*M in this sense. 

In the whole paper, we will use the Einstein summation convention. 

1 Definitions and examples 

We begin by recalling some basic facts concerning foliations; the reader may 
find details in [18j . Consider an m-dimensional manifold M endowed with a 
C°°-foliation with n-dimensional leaves and codimension k — m — n. Then, 
each point has local adapted coordinates y") (a, b, ... — 1, fc; u = 1, n), 
with origin-centered, rectangular range, such that the local equations of JF are 
= const, and are leaf-wise coordinates. The foliation has the following, 
associated exact sequence of vector bundles 

(1.1) Q^TT ^TM ^vT ^Q, 

where TT is the tangent bundle of the leaves, which will also be denoted by 
and vT = TM / F \s the transversal bundle of the foliation. 

A mapping Lp : (Mi,^i) (Af2,-^2) between two foliated manifolds is a 
foliated mapping if it sends leaves of Ti into leaves of T2. The local equations 
of such a map are of the form 

(1.2) xl^ =x'^^^{xi^), yT=vT{^l\yT)- 

The mapping (p is called a leaf-wise immersion, submersion, local dijfeomor- 
phism if the morphism induced by its differential between the tangent bun- 
dles TT\,TT2 is an injection, surjection, isomorphism, respectively. There also 
exists a similar notion of a transversal immersion, submersion, local dijjeomor- 
phism that refers to the transversal bundles i^J-i , iyJ-2 . 

Let TTp^M '■ P {MjT) (notice our notation for projections of bundles 
onto the base manifold; the index of tt will be omitted if no confusion is feared) 
be a principal G-bundle over the foliated manifold (M, JF) . P is a foliated bundle 
if it is endowed with a foliation that satisfies the conditions: 

(i) TJF^ has a trivial intersection with the tangent spaces of the fibers (i.e., 
the intersection is equal to and T!F^ is "horizontal"), 

(ii) is invariant by G-right translations, 

(iii) the projection tt is a foliated leaf-wise submersion. 

In fact, because of (ii) tt induces a covering map between the leaves of J-^ 
and the corresponding leaves of J-. Equivalently, a foliated principal bundle 
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may be characterized by an atlas of local trivializations with G- valued, foliated 
transition functions where G is foliated by points. A foliated principal bundle 
P may be seen as the glue-up of puUbacks of G-principal bundles on the local 
transversal manifolds of the leaves of T. 

The associated bundles of a foliated principal bundle are called foliated bun- 
dles too; they also have an induced foliation with leaves that cover the leaves of 
J-. Accordingly, a vector bundle is foliated if the corresponding principal bun- 
dle of frames is foliated. It follows that a foliated structure on a vector bundle 
TT ; yl — > Af is a maximal local-trivialization atlas, defined on neighborhoods 
{[/}, where the local bases {hi) are related by matrices of JF-fohated functions. 
Then, A has the J^-covering foliation J^^ and a cross section s of A is foliated 
if the corresponding mapping s : [M,T) [A,T^) is foliated. Over a triv- 
ializing neighborhood U we have s = a^bi where a' are J-"- foliated functions. 
Furthermore, we have a sheaf ^j^{A) of germs of foliated cross-sections, which 
is a locally free sheaf-module over the sheaf of germs of foliated functions 
on M and which spans the sheaf ^{A) of germs of cross sections of A over 
G°°(M). Using the fact that ^{A) is a locally free sheaf it follows that every 
subsheaf ^j:(A) C <^{A) that is a locally free sheaf-module over $jr and spans 
yields a well defined foliated structure on A. Indeed, let be a basis of 
local cross sections of A. Since spans $(^), we have = "^Pa^x with 

the germs of h\ G ^jr[A). The total number of elements h\ is finite and an 
independent subsystem may be used as a foliated local basis. Two such bases 
are related by foliated transition functions. 

A foliated structure of A may be identified with a family of vector bundles 
Aq^ over quotient spaces Qu = U/unr such that A\u — t^u^Qu^-^Qu) {{U} is 
an open covering of M and tt^^ denotes bundle puUback). Conversely, a family 
{Aq^} defines a foliated bundle A if Tr^i^g^ (Aq„ l^nv) = T^v^^Q^{AQ^\ur\v)- 
If T consists of the fibers of a submersion M ^ Q, and if these fibers are assumed 
to be connected and simply connected, then a foliated bundle A over M is the 
puUback of a projected bundle Aq Q (see Lemma 2.5 and Proposition 2.7 of 

Finally, a foliated morphism (j) : Ei ^ E2 between two foliated vector bundles 
over the same basis (M, T) is a vector bundle morphism that sends foliated cross 
sections to foliated cross sections. 

The most important example of a foliated vector bundle is the transversal 
bundle vT of the foliation T. Notice that the foliated cross sections s e T joiv^F 
act on fohated functions / G CJ^i{M,T) (the index "fol" is a shortcut for 
"foliated") by s(/) = Xf e Cf^i{M,T), for every X such that s = [X]^od.F 
(s(/) is well defined since X is a foliated vector field, i.e., a foliated cross section 
X : {M,!F) {TM,TT)). Furthermore, on the space TfoivT, there exists a 
well defined Lie algebra bracket 

(1.3) [[-'^l]mod._F, [-^2]mod.F]i/JP = [-'^l , -''^2]mod. F 

induced by the Lie bracket of the corresponding foliated vector fields. 

Accordingly, the definition of a Lie algebroid suggests the following defini- 
tion. 
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Definition 1.1. An J- -transversal- Lie algebroid over (M, J-') is a foliated bundle 
E endowed witii a Lie algebra bracket [ , on TfoiE and a foliated, transversal 
anchor morphism '■ E ^ vT such that 

1) tt-E[ei) e2]£; = [ttfiei, '^e^'AvT^ Vei, 62 S TjoiE, 

2) [ei,/e2]ij = /[ei,e2]£ + (feei(/))e2, Vei,e2 e r/„;i;,/ e Cj^,(M). 

The symbols jj, [ , ] will be used for any transversal-Lie and Lie algebroid 
while the index that denotes the bundle will be omitted if there is no risk of 
confusion. Notice also that wc may not ask the morphism to be foliated, 
a priori; this follows from condition 2), which implies ttei(/) G C^;(M, .F), 
V/ G Cf^i{M,T). The following result is obvious 

Proposition 1.1. If E is a transversal- Lie algebroid over {M,T), vJ^ projects 
to the tangent bundles of the local quotient spaces Qu off and the local projected 
bundles {Eq^} are Lie algebroids. In the case of a submersion M ^ Q with 
connected and simply connected fibers, E ^ M projects to a Lie algebroid over 
Q. 

A transversal-Lie algebroid is not a Lie algebroid, and we shall define the 

notion of a foliated Lie algebroid as follows. 

If A is a Lie algebroid over (M, .F) and if S is a Lie subalgebroid, a cross 
section a G TA will be called a B- foliated cross section if [6, a]^ G TB, V6 G TB. 
The correctness of this definition follows from the fact that [b, a]/i G TB implies 
[fb,a]A = f[b,a]A — {'i\Aa{f))b G TB. We shall denote by TbA the space of 
S-foliated cross sections of A. The Jacobi identity shows that the space TbA 
is closed by A-brackets. If U{B) C TT then, Va G TbA and V/ G Cf^i{M,J^), 
we have [b^fa]A G TbA. Now, wc give the following definition 

Definition 1.2. If ^ is a Lie algebroid on (M, .F), a foliation of A over T 
is a Lie subalgebroid B Q A that satisfies the following two conditions: 1) 

%a{B) = F, 2) locally, TA is spanned by TbA over C°°(Af) (this is called the 
foliated- generation condition). A pair {A, B) as above will be called a foliated 
Lie algebroid. If tt^ : B ^ F is a, vector bundle isomorphism, {A,B) is a 
minimally foliated Lie algebroid. 

Remark 1.1. The condition that B is closed by A-brackots may be replaced by 
the Frobenius condition: Va G annB, the ^d-exterior differential dACt belongs 
to the ideal of A- forms generated by ann B. 

Lemma 1.1. If B is a foliation of A and C is a complementary subbundle of B 
in A (A = B ® C), VC has local bases that consist of B -foliated cross sections 
of A. 

Proof. Let (cfi) be a local basis of TC over an open neighborhood U C M. By 
the foliated-generation condition we have 

Ch = lhO-(h)u = lhWca(h)u, 
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where 7^ are diflFerentiable functions and a(h)u, therefore, prca{h)u too, are local 
i?-fohated cross sections of A. Since the set {prca(^h)u} is finite, after shrinking 
the neighborhood U as necessary, there exists a subset of linearly independent, 
local cross sections {prcdv} such that Ch = X^avprc'CLv This subset obviously 
is the required local basis of TC. □ 

Remark 1.2. The complementary subbundle C may have elements with pro- 
jection in F since we did not ask B = tt^^(F). On the other hand, by condition 
1) of Definition 11.21 there exist decompositions B ~ ker'^s ffi P where P is a 
subbundle of B. 

Proposition 1.2. If B is a foliation of the Lie algehroid A, then the vector 
bundle E — A/B is a transversal-Lie algehroid on {AI,J-). 

Proof. Consider a decomposition A — B (B C and take B-foliated local bases of 
C over an open covering {[/} of Af, which exist by Lemma ll. II Let a„ = A^a^, 
be a transition between two such bases and take the bracket by 6 e TB. We 
get (tt6)A^ = and, since = F, the functions A^^ must be JT-foliated. Thus, 
C has an induced foliated structure, which transfers to A/B « C. We notice 
that [ajmod.s G T foi{A/ B) if and only if a e TbA. Furthermore, the bracket of 
B-foliated cross sections of A, which is i?-foliated too, descends to a well defined 
Lie bracket on TfoiE. Finally, the anchor jj^ induces an anchor jj^; : _E — > 
as required by Definition 11.11 The fact that (ts is a foliated morphism may be 
justified as in the observation that follows Definition ll.il Alternatively, we can 
see that, Va G T'gA, jj^a is a foliated vector field on (M, f) as follows: condition 
1) of Definition 11.21 shows that a vector field Y G TF is of the form Y = jj^fe, 
b G TB, hence, 

[y, 11^0]^ = [iAb4Aa]A = Mb, a] G TF, 
which is the required property. □ 

Corollary 1.1. A foliated Lie algehroid (A, B) over {M,J^) produces a com- 
mutative diagram 





- 


> B ^ A ^ E - 


^ 


(1.4) 










- 


> TJ" A TM ^ - 


-> 



where the lines are exact sequences of vector bundles. 

Definition 1.3. If the transversal-Lie algehroid E is foliately equivalent with 
a quotient A/B where [A, B) is a foliated Lie algehroid, then E may be placed 
in a diagram (|1.4p and A will be called an extension of E. An extension of E 
such that B K, F will be called a minimal extension. 

In what follows we give several examples of foliated Lie algebroids. 

Example 1.1. For any foliation of a manifold M, TT is a foliation of the 
Lie algehroid TM. 
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Example 1.2. If a Lie algebroid A has a regular subalgebroid B, M has the 
foliation T such that F = ^{B). Then, {A, B) is a foliated Lie algebroid if the 
foliated-generation condition is satisfied. For instance, if A is regular, we may 
take B — A and the foliated-generation condition is trivially satisfied. Another 
obvious example is that of a regular subalgebroid B such that B C ker ji^ . Then 
i? is a foliation of A over the foliation of M by points. For instance, let J^A be 
the first jet Lie algebroid of A defined in [5]. It is well known that one has the 
exact sequence 

(1.5) ^ Hom{TM, A) ^ J^A ^ A^O, 

where 7r(jj,a) — a{x) {x £ M, a G F^) is a Lie algebroid morphism, therefore, 
kern — Hom{TM, A) is a regular Lie subalgebroid of J^A. This subalgebroid 
is included in fcerttji^ because j^a G keriTx implies ttjiytOi^Q^) — ttA(a(x)) — 
(the equality '^j^Aijxo) — 'iiAO,{x) is a part of the definition given in [5^). Thus, 
Hom{TM, A) is a foliation of J^A over the points of M. 

Example 1.3. The typical example of a transitive Lie algebroid is A = TP/G, 
where tt : P — > M is a principal bundle of structure group G over M and the 
quotient is the space of the orbits of TP by the action of the differential of the 
right action of G on P. The cross sections of A may be identified with right- 
invariant vector fields on P, which allows to define the bracket, and the anchor 
is induced by tt* : TP TM 15J. Now, assume that M has the foliation 
and P is a foliated principal bundle with the covering foliation of T . Then, 
we get a Lie subalgebroid B = TT^ jG C A such that the restriction of the 
anchor of A to i? has the image TT . The foliated-generation condition of A 
with respect to B is satisfied because it is satisfied for TP with respect to TT^ 
and AjB ^ {TP/TT)/G. Therefore, {A,B) is a foUated Lie algebroid. 

Example 1.4. Following 15J, if P is the bundle of frames of a vector bundle 
TT : £^ — > M , Example 11.31 has the following equivalent form. Let A be the 
transitive Lie algebroid T>{E) whose cross sections are the linear differential 
operators TE TE of order < 1. The bracket is the commutant of the operators 
and the anchor is defined by the symbol of the operator. In the presence of a 
foliation T on M and if we assume E to be foliated, ^{E) has a Lie subalgebroid 
B = Vpi^E) defined by the operators whose symbol is a vector field tangent to 
!F {Vj^{E) is commutant closed since F — TT is closed by Lie brackets), and 
the anchor sends B onto the tangent bundle F: if y G FP, we get an operator 
D of symbol Y by putting Ds = for s G F foi [E) and 

(1.6) Dt = Y,iYf^)■S^, yt = G TfolEJ, € C°°(M) 

(the definition is correct since if s G F/o/(P) and / G C^i{M,J^) (|1.6p gives 
D{fs) = 0). The foliated-generation condition is satisfied too. Indeed, an 
operator of symbol X is of the form D = Wx + <l>, where V is a covariant 
derivative and cj) G End{E), therefore, (p G T>jr[E). The operator D is foliated 
with respect to T>jr{^E) if and only if X is foliated with respect to and it 
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is known that the vector fields on M satisfy the foliated-generation condition. 
Thus, the pair {A, B) considered above is a foliated Lie algebroid. 

Example 1.5. Let D he a. Dirac structure on {M,!F) such that F C D {D is 
.F-projectable ^25]). Then, {D,F) is a foliated Lie algebroid. The fact that the 
foliated-generation condition is satisfied was proven in [25] (where, also, concrete 
examples were given). We notice that there are foliated Dirac structures where 
F is strictly included in tt^^(F) [^d = prrAi)- For instance, 

D = F® {(t|pQ!, a) /a e annF}, 

where P is a foliated bivector field on M such that the Schouten-Nijenhuis 
bracket [P,P] vanishes on annF ([25], Example 5.1). 

Example 1.6. Let D be a regular Dirac structure on M with the (regular) 
characteristic foliation £, E = T£ = pttmD and let T he a. subfoliation of £. 
Put 

Djr ^ Dn{F (BT*M). 

Notice that the mapping : D/Djr[x) — > E/F{x) given by [{X,S)]mod. Dp ^ 
[X]mod.F is an isomorphism of vector spaces £ M. The existence of this 
isomorphism shows that dim Djr(x) = const. Hence, Dj^ is a vector subbundle 
of D, which obviously is a Lie subalgebroid of D with anchor image F. Moreover, 
since is a subfoliation of f , the vector bundle E/F is JF- foliated and so is 
its isomorphic image D/Djr. This shows that the pair {D,Dyr) satisfies the 
foliated-generation condition and is a foliated Lie algebroid. 

Proposition 1.3. For any transversal-Lie algebroid E over the foliated mani- 
fold (M, J-) and any lift p : E —> TM of {ip ° P = tt-E: V' = Wuj^) there exists 
a canonical minimal extension (Aq, fto, [ , ]o) with Aq = F (B E , = Id-\- p and 

, , i"2]o = [^1,^2], [y, e]o - [r, pe], [e, r]o - [pe, Y\ 

(1.7) 

[ei, e2]o = ([pei, /9e2] - p[ei, £2]^) + [ei, e2]_E, 

VF, Yi,l2 G LF, Ve, 61,62 G TfoiE, where the non-indexed brackets are Lie 
brackets of vector fields. Conversely, for any minimal extension A of E, there 
exists a lift p .such that A is isomorphic to a twisted form of the canonical 
extension of E by F. 

Proof. The qualification "twisted" is similar to that used in the notion of a 
twisted Dirac structure and its exact meaning will appear at the end of the 
proof. We shall use the content and notation of diagram (|1.4p . which includes 
the mapping "0 = pr^j^. Notice that a lift p has the property that pe is a foliated 
vector field Ve e TfoiE. If we extend ()1.7p by 

/e]o = f\y,pe\ + {yf)e, [ei,/62]o = /[ei, 62)0 + pei(/)62, 

V/ G C°°{M), we get a skew-symmetric bracket on TAq. It is easy to see that 
the extension is compatible with (|1.7[) for / £ C'^i{M, T). Also, straightfor- 
ward calculations show that the axioms of a Lie algebroid, including the Jacobi 
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identity, are satisfied on arguments Y 6 TF,e G TfoiE. Since these types of 
cross sections locally generate TA^, this proves the existence of the canonical 
extension. Notice that, for E = iy!F, p is a splitting of the lower line of (|1.4p 
and, if we identify F(B ~ F (B im p = TM, the previous construction yields the 
standard Lie algebroid structure of TM. 

For the converse, we start with diagram (|1.4p . which yields A — 0(F) ©r(i?) 
where (j) : F B,(j>~^ = fjs ((p exists because the extension is minimal) and 
T : E —^ Ais a, splitting of the upper exact sequence of the diagram [aor — Id). 
Then, we consider the lift p = ji^ o r, which implies Ha = + P o cr. As for 
the brackets, we must have 

(b-'[(j)Yu(l)Y2]A = U[<I^Yu(I)Y2]a = [MYuMY2] = [Yi,Y2l 

i.e., [0Yi, 0F2]a = (f)[Yi,Y2]. Then, since a[(f)Y, re]^ = [ct^F, (TTe]_E = 0, [^Y", Te]^ G 
TB and 

Finally, for ei,e2 G TfoiE^ we have 

tiA[Tei, re2]A - p[ei, e2]_E = [pei, pe2] - p[ei,e2]E £ TF 
because, if we apply to the right hand side of the equality, we get 

ip[pei,pe2] - tt£;[ei,e2]_E = [■4'pei,'ippe2]iyy^ ~ '^E\e.\-,&i\E 

= [ttfiei, tt_Be2]i.jr - |i_B[ei, e2]£; = 

by the axioms of a transversal-Lie algebroid. Now, we notice that, if a G A, 
jjAd G TF if and only if a = (j)Y + re where e G fcerjjs; indeed, by the commu- 
tativity of diagram (|1.4p . ■0|lA'''(e) = is equivalent to ftse = 0. This fact and 
the previous observation justify the formula 

(1-8) [Tei,Te2]A = ([Tei,Te2]A ~T[ei,e2]E) +T[ei,e2]_B 

= [(?!)([pei, pe2] - p[ei,e2]E) + T(A(ei, 62))] + T[ei, e2]_E, 

where A : A^E — > F is a 2-form with values in the kernel of jj^. Therefore, 
A is isomorphic by (f) + t to the canonical extension of F by F twisted by the 
addition of the form A. The latter must also be asked to satisfy conditions that 
ensure the Jacobi identity. □ 

Remark 1.3. In [3 the authors define a reduction of Lie algebroids that, es- 
sentially, is a projection along the fibers of a surjective submersion tt : M — > M' . 
Namely, A ^ M reduces to A' M' if there exists a Lie algebroid morphism 
[15] (Jl : A ^ A' ^-K : M ^ M'). One can see that, if B is a fohation of A over 
the foliation of M by the fibers of tt and if the fibers are connected and simply 
connected, then A reduces to A' defined by A/B = tt^^A'. 
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2 The tangent Lie algebroid 



In this section we will show that the tangent Lie algebroid of a foliated Lie 
algebroid {A, B) over a foliated manifold (M, T) has a natural structure of 
a foliated Lie algebroid over {TM,TT). For this purpose, we formulate the 
definition of the tangent Lie algebroid of a Lie algebroid [IS] in a suitable (but, 
not new) form. 

Let TT : A ^ M be an arbitrary vector bundle. Take a neighborhood U C M 
with local coordinates (x')^" j^, with the local basis {aa)a^i of (r — rankA) 
and the corresponding fiber coordinates (^"). On the intersection of two such 
neighborhoods UCiU, these coordinates have transition functions of the following 
local form 

(2.1) = £^{x^), C = m^')^^ = *>7: ^Z©? = €)■ 

Correspondingly, one has natural coordinates (a;*,i') on TuM and (a;',^", 
i*,^") on r^-ifjA, with the following transition fimctions: 

Formulas (12. 2p show the existence of the double vector bundle 

TA ^ TM 

(2.3) i i 

A ^ M 

where TA is a vector bundle over A with base coordinates (x*,^") and fiber 
coordinates (i',^") and is a vector bundle over TM with base coordinates 
(a;*,x*) and fiber coordinates (C",^")- (Notice that the cross sections of tt* are 
not vector fields on A\) 

li A = TM, the indices a, (3, ... may be replaced by ... and 9*- — dx^/dx^ , 
which shows the existence of the flip diffeomorphism (j) : TTM TTM defined 
by the local coordinate equations 

(2.4) 0(a;\e,i',r) = (^\i\e,e)- 

On the fibration TA A the fiber coordinates (i*, ^") are produced by the 
local bases of cross sections {d/dx'^,d/d£,°'). On the fibration tt* : TA — > TM 
the fiber coordinates {^"jS,") are produced by local bases {ca,d/d^"), where 
the vector Ca is the image of Oq under the natural identification of the tangent 
space of the fibers of A with the fibers themselves, which are vector spaces. 
(The previous assertion is justified by checking the invariance of the expression 
C"ca + {d / dS,") by the coordinate transformations (|2.2p .') It follows that for 
z G TA the intersection space of the fibers of the two vector bundle structures 
of TA is 

(2.5) Vz = TTTA^Ai^TA^A{z)) n (tta^m)^^ iiTrA^M)*iz)) = span 
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Therefore, P = Uz(^ta'Pz is a vector subbundle of TA, which we call the bi- 
vertical subbundle. 

Furthermore, like for the tangent bundle A — TM, there are two lifting 
processes of cross sections oi tt : A M to cross sections of tt, : TA TM. 

One is the complete lift a ^ a'~'' = a^, , which sends the cross section a to the 
differential of the mapping a : M ^ A. The expression of a* by means of the 
local coordinates (x^i*) on TM and (a;*, i% f ") on TA is 

where a = ^"{x^)aa, whence we get 
(2.6) = Cca + X 



The second lift, called the vertical lift and denoted by an upper index V, is 
the isomorphism between the puUback Tr^\^j^^]y,jA of the vector bundle A to 
TM and the bi-vertical subbundle P defined by 

(2.7) a = ^"a„^aV-^^o_|_^ 

(Formulas (|2.ip show that the bases (a^) and (9/9^") have the same transition 
functions.) 

Notice the following interpretation of the local basis {ca,d/d^°') of TA over 
TM 



(2.8) a'^ = c. 



d 

Notice also the following properties 

(2.9) {faf = fa^ + f^a"", {fa)'' = fa"" (/ e C-(M), = i'^). 

Now, assume that (A, [tyi, [, ]a) is a Lie algebroid. Define an anchor \^ta '■ 
TA ^ TTM by putting 

d 

(2.10) ixACa = iiAaa)^, UtA^^ = (ttAfta)^, 

where in the right hand side the lifts are those of the Lie algebroid TM. A 
simple calculation shows that ^ta = ipo (tt^)* with cj) defined by (|2.4p . 
Furthermore, define a bracket of cross sections of vr, by putting 

(2.11) [a'^,a'^]TA = 0, [a^,a^]TA = K,a^]^, [o^,a^]TA = [aa,a/3]S: 

which yields brackets of the elements of the basis of cross sections of TA TM, 
and by extending (j2.1ip to arbitrary cross sections via the axioms of a Lie 
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algebroid. One can check that the results of (|2.1ip hold for the lifts of arbitrary 
cross sections of A and this justifies the independence of the bracket of the 
choice of the basis Cq. Then, the axioms of a Lie algebroid hold for the basic 
cross sections (ca, 9/9^"), whence, the axioms also hold for any cross sections. 

Thus, we have obtained a well defined structure of a Lie algebroid on the 
bundle tt* : TA TM. This Lie algebroid is called the tangent Lie algebroid 
of A [16]. 

Now, we prove the announced result 

Proposition 2.1. // the subalgebroid B C A is a foliation of A over {M,!F), 
then the tangent Lie algebroid TB is a foliation of the Lie algebroid TA over 
{TM, TT). 

Proof. We may use adapted local coordinates (a;°,y") on M, such that T has 
the local equations a;" — 0, and local bases (a^) = {bcQK.) of TA such that 
(ba) is a local basis of TB and (g^) are S-foliated cross sections of A. If we 
use formulas (|2.8p . (|2.10p . (|2.11[) . we see that the complete and vertical lifts of 
cross sections of i? C ^ to TA and to TB coincide, and that the bracket and 
anchor of TB are the restrictions of the bracket and anchor of TA to TB C TA. 
Therefore, TB is a Lie subalgebroid of TA over TM. 

Furthermore, on TM we have local coordinates y", i", y") and (|2.2p 
shows that x° — const., x'^ = const, are the equations of a foliation TJ- of the 
manifold TM that consists of the tangent vectors of the leaves of J-. Since 
Its = (f) o (jls)* where is the flip diffeomorphism and im'^B — TT, we get 
im Utb = TTT. 

Finally, on one hand, (6^, b^) is a local basis of cross sections of TB and, on 
the other hand, using (|2.1ip . it is easy to check that {q'^,q^) are T_B-foliated, 
local cross sections of TA — > TM. Therefore, since {b^,q^ ,b'^,q^) is a local 
basis of cross sections of TA TM , the pair {TA, TB) satisfies the foliated- 
generation condition. □ 



3 The dual Poisson structure 

It is well known that a Lie algebroid structure on the vector bundle tt : — > M 
is equivalent with a specific Poisson structure on the total space of the dual 
bundle E* , called the dual Poisson structure, defined by the following brackets 
of basic and fiber-linear functions: 

(3.1) {/l O TT, /2 O Tt} = 0, {/0 7r,;j = -((ttfis)/) OTT, {/^i , Z^a } = '[si ^SsIe ' 

where /, /i, /2 G C°°{M), s, si,S2 £ TE and Ig is the evaluation of the fiber of 
E* on s. If a;" are local coordinates on M and r/h are the fiber-coordinates on 
E* with respect to the dual of a local basis (e/j) of cross sections of E, then the 
corresponding Poisson bivector field is 

, , 1 , d d „ d d 
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where the coefficients a are defined by the expressions 

d 

(3-3) %E{e.h) = ^h-Q-^^ [e/i, efc]B = a^k^i- 

Conversely, formulas (|3.2p . (|3.3p produce an anchor Us and a bracket [, and 
the Poisson condition [11,11] = implies the Lie algebroid axioms. 

A Poisson structure of the form ()3.2|) will be called a fiber-linear structure, 
although this name is not totally appropriate since it does not describe the form 
of the second term of p.2p . The characteristic property of a bivector field of the 
form (|3.2p is that the Poisson bracket of two fiber-polynomials of degrees /i, fc is 
a fiber-polynomial of degree h + k — 1. 

In this section we establish properties of the dual Poisson structure of a 
foliated Lie algebroid. 

Proposition 3.1. Let E he a foliated vector bundle over {M^T) with the dual 
bundle E* , which has the covering foliation of T ■ A transversal-Lie alge- 
broid structure on E is equivalent with a fiber-linear Poisson algebra structure 
on the space of J-^ -foliated functions on E* . 

Proof. Let (a;",?/") be J^-adapted local coordinates on M and (e/i) be a local 
foliated basis of E. Then, the space of foliated functions C^^j {E* , J^^ ) is locally 
spanned by {x°-,r]h) and we get the Poisson algebra structure required by the 
proposition using formulas p.ip for /, /i,/2 G Cy^;(M, .7^), s, Si,S2 G ^foiE. 
Conversely, the Poisson structure (|3.ip on CJ^i{E*,!F^ ) produces a transversal- 
Lie algebroid on E in the same way as in the case of a Lie algebroid. □ 

Proposition 3.2. A foliated Lie algebroid {A, B) over {M,J-) is equivalent 
with a couple {E*,A), where E* is a vector subbundle of A* endowed with a 
foliated structure and the corresponding T- covering foliation J-^ , and A is a 
fiber-linear Poisson structure on the manifold A* with the following properties: 

1) UiannTE*) ^TT'^' , 

2) A\e* induces a well defined Poisson algebra structure on CJ^i{E*,!F^ ), 

3) the total bundle manifold of A* / E* has a Poisson structure P such that 
the projection {A* , A) — s- {A* /E*^P) is a Poisson mapping. 

Proof. For the foliated Lie algebroid [A^B), we take E* — annB, which is 
foliated since its dual bundle is E = A/B and it is foliated. Furthermore, we 
take the dual Poisson structure A of the Lie algebroid A. 

In order to write down the Poisson bivector field A we define convenient local 
coordinates on the manifold A* as follows. We take JT-adapted local coordinates 
(a;",?;") on M, we choose a splitting 

(3.4) A^B®C, 

and we take a local basis of P^ that consists of the basis bh of TB and the basis 
Qq of PC where Oq are foliated cross sections (see Lemma [OT) . For A* , we have 
the dual bases {b*^,a*'^) and corresponding fiber coordinates {rih,Cq)- 
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Since {A, B) is a foliated Lie algebroid, the anchor and bracket have the 
following local expression 



(3.5) 

where a^^ap^ are foliated functions, i.e., locally, these are functions on the 
coordinates x". 

Then, the general formula (|3.2p implies 

„ 9 c? ^,,9 9 ,,9 9 

+aoTr:^ ^ ^ ^ t\ ^ < tt^ A -— . 

«9C9 9j:« «(9Cq 

The total space of the subbundle E* C A* has the local equations rjh — 0, 
whence 

ttA(annTi;*) = span{i{drjk)A\^h^Q} = span{P^-^} = TJ^-^ , 

which is property 1). 

The space C'^i{E*,T^') is locally generated by x'^Xq (mod. rjh = 0) and a 
function of local expression f{x°',Cq) extends to a function of local expression 
/(x", CqyVh) in a neighborhood of E* in A*. Formula (|3.6p restricted to 77^ = 
shows that, for /i,/2 G Cf^i{E*,T'^'), Ajs. (d/i, d/2) depends only on /i,/2 
and that 

Therefore, A satisfies property 2). 

Since A*/E* « _B*, we may use as local coordinates on the manifold A*/E* 
the coordinates y", ry/i). Then, 

(3.7) P = A A + /j;^'^ A A 

is a bivector field on A* /E* , which is Poisson because it has the same expression 
as the dual Poisson structure of the Lie algebroid B. Property 3) is obviously 
satisfied. 

Conversely, let A be a vector bundle over {M,T) such that there exists a 
foliated subbundle E* of the dual bundle A* and a fiber-linear Poisson bivector 
field A of A* with the properties 1), 2), 3). Define the subbundle B = annE* C 
A and take a decomposition A = B (B C and local bases of cross sections bh G 
B, Uq G C. Moreover, C !^ A/B ^ E ^ E** is an J^-fohated bundle and a, may 
be assumed to be .F-foliated cross sections. The corresponding local coordinates 
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(x", y", rjh, C,q) on A* are similar to those used in (|3.6p and, a priori, A is of the 
form 

1 d d d d 

A = ^{^Lm + /3LC.)^ A — + {jI,, + ,1^0)— A — 

,,9 9 5 d 
+a A h A? A . 

If we put rjh = and compute i{dr]h)A we sec that property 1) implies 

Furthermore, property 2) implies local expressions — a'^{x'^), a^^ = apq{x^). 
Finally, the projection [A* A*/i?*)-related bivector field P of property 3) 
is uniquely defined by A; it must be given by (|3.7p and it satisfies the Poisson 
condition. Therefore, A reduces to the form (|3.6[) and the corresponding Lie 
algebroid structure of A is given by formulas p.Sp . Accordingly, the pair {A,B) 
is a foliated Lie algebroid. (The foliated-generation condition is implied by the 
fact that \bh,aq] G B.) □ 

A. Vaintrob [H] gave an interpretation of the dual Poisson structure p.2p 
as an odd, homological super-vector field, which led to important results on 
Lie algebroids seen as homological super-vector fields. We shall indicate the 
properties of this field in the foliated case. 

The parity- changed vector bundle of A* (in our case A* is the dual of a Lie 
algebroid, but, the definition applies to any vector bundle) is a supermanifold 
nA*, with local even coordinates and local odd coordinates fy" associated 
to local, yl*-trivializing, coordinate neighborhoods U on M , with the following 
local transition fimctions: 

x' = x\x^), fi°' = h'^pf]'^, 

where the first equations are the same as the transition functions of the local 
coordinates on M and the matrix (&^) is defined by a change of local bases of 
cross sections of A, afj = b'^Ua- The supertangent bundle TIIA* has the local 
bases {d/dx^, d/dfj") with the local transition functions 

d dx^ d d ^ 

These transition functions show that the correspondence 
i i d d 9 9 _„ 

X I — * X 1 r I — > 7, Tja I — > — z — 1 ' — ^ 

dx^ dx^ dri°' drja 
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produces a well defined mapping of the fiber-wise polynomial multivector fields 
on the manifold A* to super- multivector fields on HA*. In particular, the bivec- 
tor field n defined by (|3.2p is send to Vaintrob's super-vector field 

(3.8) ^=^-^'''^'|r+«".^''^ 

and the Poisson condition [U, 11] = becomes the homology condition [V, V] = 
0. To put terminology in agreement with the theory of Lie algebroids, the 
super- vector field V will be called transitive if the M-rank p of defined by 
p = rank{a'^) is equal to the dimension of M. 

Furthermore, if M is endowed with the foliation J- and A has a subbundle i?, 
we have coordinates (a;",?/") and bases {bh,aq) like in the proof of Proposition 
13.21 which yield coordinates {x'^ , y'^ , fj'\ ^'^) of HA* with transition fmictions of 
the form 

(3.9) = x^{x'), r = n^^^yi, ~t = ~c = KC"- 

where the various matrices b come from a change of the local basis. The tran- 
sition functions (|3.9p show that HA* is endowed with the superfoliation 

Then, if we consider the vector bundle E — A/B, we have E* = ann B C A* and 
Il{A*/E*) may be seen as the submanifold of HA* that has the local equations 
('^ = 0. On the other hand, HE* is a supermanifold with the local coordinates 
{x°',y^, ('^) and there exists a natural projection tp : UA* HE* locally defined 

by 

(z^y^c^f?'')^(x^y^c^). 

In Vaintrob's terminology a super-vector field on HA* that corresponds to 
a bivector field on A* is said to be of degree 1. In our case, a super- vector field 
of degree 1 has the form 

(3-10) w = \piutt-^, + + lUn'V^, 

Proposition 3.3. A foliated Lie algebroid (A, B) over (A/, T) is equivalent with 
a couple {E*,W), where E* is an T-foliated vector subbundle of A* and W is 
a homological super-vector field of degree 1 on HA* such that 

i) W is foliated (projectable) with respect to the super- foliation T of HA* 
associated to the pair (J-', B), 

a) W^|n(A*/_E*) G TJ-C\TH{A*/E*) and is a homological super-vector field 
of degree 1 on H{A* /E*), transitive over the leaves of T. 
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Proof. Formula (|3.6p shows that the Vaintrob super- vector field W of a foliated 
Lie algebroid {A, B) is a homological super-vector field (|3.10p that satisfies the 
conditions 

(3.11 

\l = 0, = 0, rankiP^) = dimT, 
and where the super- vector field 

is a homological super-vector field on Ii{A* /E*). The condition rank{(3'^) = 
dim T is what we meant by the transitivity of W over the leaves of T . Con- 
versely, if we start with the data (A, i?*,T4^), A^ which has the Lie algebroid 
structure of Vaintrob super- vector field W , has the subbundle B — annE* 
and n^l* has the supcrfoliation T. Then, W may be represented under the 
form (|3.10p . Condition i), which means that the terms of (|3.10p that contain 
{d / dx"^ , d / dC,"^) depend on the coordinates (a:°,(^') only, implies the first four 
conditions ()3.11|) and condition ii) ensures the fact that B, with the Lie algebroid 
structure of Vaintrob super-vector field W\u(A' /E'), is a fohation of A. □ 



4 Cohomology and deformations 

The cohomology H*{A) of a Lie algebroid A is that of the differential graded 
algebra {^{A) = F A A*, d^) of A- forms where, if A e ^''(A), then 

(4.1) dAX{si, sfe+i) = ^(-l)^+^tJASj(A(si, Sj-i, Sj+i, s/c+i)) 

i=i 

k+l 

+ ^ {-iy~^'^X{[Sj,Sl]A, Sl, Sj-l,Sj+l, Sl-1, Sl+1, Sfc+i). 

i</=l 

The anchor of the Lie algebroid produces a homomorphism of differential graded 
algebras : (f^(M),d) ^ (fi(A),d^) defined by 

(tt'f?)(si, sk) = eiisi, ttsfc), & e ^'{M) 

with the corresponding cohomology homomorphism (j^ : HdeRhami^^) ~* H*{A). 

The general pattern of the cohomology of a foliated Lie algebroid {A, B) over 
a foliated base manifold (M, J^) is the same like that of a foliated manifold [23] , 
which is why we only sketch it briefly here. Using the decomposition A = B(BC 
and the bases {bh,ai), (&*'',&*') where bh £ F_B,a; £ FC and a; are B-foliated, 
we get a bigrading of the A-forms such that a form of type (bi-degree) (s, r) (s 
is the C-grade and r is the i3-grade) has the local expression 

(4.2) A = ^A^,...^^^,...^^(x^ y")a*'i A ... A a*'= A 5*'^^ A ... A 6*"-. 

sir! 
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We will denote by Q,^''^{A) the space of A-forms of type (s, r). 

Since B is bracket closed, one has dACL*\bh,bk) = and we see that cJaA 
has only components of the type (s + 1, r), (s, r + 1), (s + 2, r — 1). Hence there 
exists a decomposition 



where the terms are differential operators of types (1, 0), (0, 1), (2, —1), respec- 
tively. The property d\ ~ is equivalent with 



The cohomology of ( fl'-' ' (A) , d'^) is the cohomology of the Lie algebroid B. 
On the other hand, an A-form A is said to be B-foliated if it is of type (s, 0) 
and its local components Aij^..._;^ are .7-"-foliated functions (this is an invariant 
condition because the bases (ai) are i?- foliated and have J-"- foliated transition 
functions). The operator induces a cohomology of the _B-foliated forms 
called the basic cohomology. Formulas (j4.4p show that {Q{A),dA) is a semi- 
positive double cochain complex [23j . hence, it produces a spectral sequence that 
connects among the previously mentioned cohomologies. Another component 
of the pattern is the truncated cohomology discussed in the Appendix of [53] . 

Example 4.1. In Example II. 2 1 we showed that for any Lie algebroid A the pair 
{J'^A, Hom{TM, A)) is a foliated Lie algebroid over the foliation of the basis M 
by points, therefore, its cohomology has the pattern described above. On the 
other hand, the cohomology of J^A may be interpreted as the 1- differentiable 
cohomology of A in the sense of Lichnerowicz, who studied the 1-differentiable 
cohomology of many infinite dimensional Lie algebras on manifolds (e.g., see 
[12l[T3] and the references therein; the case studied in is that of the cotangent 
Lie algebroid of a Poisson manifold). This cohomology is defined by fc-cochains 
A S HomR{r{A'^A),C°°{M)), which are differential operators of order 1 in 
each argument, and by the differential d defined by formula (|4.ip . Since a 
differential operator of order 1 is the composition of a (M)-linear morphism 
by the first jet mapping j^, the 1-differentiable cochains may be identified with 
usual cochains of the Lie algebroid J^A. Furthermore, since [j^ai, j^a2],jiA = 
j^[ai, a2]A (ii,a2 G TA) [5j, d for 1-differentiablc cochains may be identified 
with djiA- Hence, H^_^^ff{A) « H^{J^A) as claimed. A complementary 
subbundle C of the foliation Hom{TM, A) is given by the image of a splitting 
a : ^ — > of the exact sequence (|1.5p and the type decomposition (|4.2p 
corresponds to the type decomposition used by Lichnerowicz. 

Like in the case of a foliation [55], we get 

Proposition 4.1. (The d^-Poincare Lemma) Let (A, B) be a minimally foliated 
Lie algebroid. For any local A-form A of type (u, v) {v > 0) such that d'^X — 0, 
one has A = d'j^fj, where ^ is a local form of type (u, v — 1). 



(4.3) 



dA = d'A+d'^ + dA, 



(4.4) 



(d:i)2 = 0, d'j,dl + d'Xd'^ = 0, (9a)' = 0, 
d'AdA + dAd'A = 0, {d'^f + d'^dA + dAd'^ = 



0. 
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Proof. We may proceed by induction on k, where k is the number defined 
by the condition that the local expression of A does not contain the elements 
0**^+^, a*"? {q = rank A - rank B) of the basis used in (|4.2p . 

Since we are in the case of a minimally foliated algebroid, jjs : i? — > is 
an isomorphism, which induces an isomorphism between the graded differential 
algebra {^l'^'{A), d'^) and the graded differential algebra of the ^-leaf-wise forms 
on {M,!F). Since the c?"-Poincare lemma holds for the latter [22l [23], it holds 
for the former as well, which justifies the conclusion for k = 0. 

Now, we assume that the result holds for any k < h — 1 {h ^ 1, ...,q) and 
take 

X^a*"" A^i + 

where ^,0 do not contain a*'', a*'. Since d'^a*^ = 0, d'^X = if and only 
if d^/i = d'1^9 = 0. Then, the induction hypothesis yields the local expressions 
/i = d'^T, 9 = d'^a, therefore, 

A = d'^i^a*'' AT + a), 
which means that the result also holds for k = h — 1 and we are done. □ 

Obviously, the operator d'^ makes sense for F-valued A-forms, where V is 
any JF-foliated vector bundle on M, and the (i"-Poincare lemma (Proposition 
14. 1|) holds for such forms as well. 

The following corollary is a standard result. 

Corollary 4.1. Let (A, B) be a minimally foliated Lie algebroid and V a foliated 
vector bundle over (M, J-'). Let be the sheaf of germs of B -foliated, V -valued 
A-forms. Then one has 

, , ^ ker{d'X:n'''^{A)^V ^n>''^+^iA)®V) 

Remark 4.1. In the terminology of [55], Proposition 14. II is a relative Poincare 
lemma. Therefore the sheaf-interpretation of the truncated cohomology given 
in [55] holds for minimally foliated Lie algebroids. 

There exists a general construction of characteristic A-cohomology classes 
of a Lie algebroid [5], which mimics the Chern-Weil theory and goes as follows. 
Take a vector bundle y — > M of rank r. An ^-connection (covariant derivative) 
on V is an R-bilinear operator V -.TAxTV ^TV that is C°° (M)-lincar in the 
first argument and satisfies the condition 

Va(/^^) - fVaV + ma).f)y, (« eTA,ve TV, f e C^{M)). 

The curvature operator of V is 

i?v is C°°(Af)-bilinear and may be seen as a F Cg) F*-valued A-form of de- 
gree 2. Then, V(/) £ L'''{Gl{r,R)), the space of real, ad-invariant, symmetric. 
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fc-multilinear functions on the Lie algebra gl{r,'R), the A-cohomology classes 
[0(i?v)] = [4'{Rv , Rv)] G H'^''{A) are the A-principal characteristic classes 
of V. The characteristic classes are spanned by the classes [cfc(i?v)], where Ck is 
the sum of the principal minors of order k in det{R^ — XI d), and do not depend 
on the choice of the connection V. Indeed, if V*^, are two ^-connections on 
V, Bott's proof [III^ gives 

(4.5) 0(i?vj - (b{R^o) = dAA(vo, yi)./., 
where 

(4.6) A(V°,Vi)<^-fc / ./)(Vi-V",i?(tvi+(i-t)vo),...,i?(tvi+(i-Ovo))d<, 

Jo ^ V ' 

(fc — l)— times 

hence the cohomology classes defined by 0(i?y ) , 0(i?y ) coincide. In particular, 
the use of an orthogonal A-connection (such that Vg — for a Euclidean metric 
g on A) gives [c2?i-i(i?v)] = 0. The classes [c2h{Rv)] are the A-Pontrjagin 
classes of V. For V = A one gets the principal characteristic classes of the Lie 
algebroid A. 

In the case of a foliated Lie algebroid {A, B) over (M, J^) one can also 
mimic the construction of secondary characteristic classes. We define a Bott 
A-connection on a foliated vector bundle V by asking it to satisfy the condi- 
tion Vb?; = 0, V6 G B, G TfoiV. Bott A-conncctions always exist: take an 
arbitrary A-connection V' on V and a decomposition A = B (B C ^ then, define 

Vf,+c(/«) = ((ttAfo)/)« + V^(» (/ e C°°(Af),t; e r/„,F). 

The curvature of a Bott A-connection satisfies the property 

(4.7) i?v(6i,fe2)w = 0,V6i,62 e e K 

Indeed, due to C°°(M)-linearity with respect to u, it suffices to check the prop- 
erty for V G T foiV, which is trivial. 

Proposition 4.2. (The Bott Vanishing Phenomenon) If k > q = rank A — 
rank B, \/(f) e l'^{Gl{r, R)), the characteristic class defined by vanishes. Equiv- 
alently, Pont\{V) = for h > 2q, where Pont\{V) is the set of elements of 
total cohomological degree h generated by the A-Pontrjagin classes in the coho- 
mology algebra II*{A). 

Proof. Property (|4.7|) shows that i?v belongs to the ideal generated by ann B, 
hence, ii k > q, the A-form obtained by the evaluation of (f> on i?v is zero. □ 

Corollary 4.2. Let B be a Lie subalgebroid of the Lie algebroid A. If Pont\{A/ B) ^ 
for some h > 2{rank A — rankB), B is not a foliation of A. 

Now, if we take G /^''"^^/(r, K.)) with 2/i - 1 > q, formula gS]) yields 
dyi(A(V'', V^)0) = whenever V° is an orthogonal A-connection and V"'^ is 
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a Bott ^-connection on the ^-foliated vector bundle V. The A-cohomology 
classes [A(V°,V^)^] G H'^'^~^{A) are A-secondary characteristic classes ofV. 
Like in [TT] one can prove that these classes do not depend on the choice of V° 
and remain unchanged if is subject to a deformation via Bott connections. In 
the case V = A/B, the construction provides secondary ^-characteristic classes 
of the foliated Lie algebroid {A, B). 

Proposition 4.3. The A-secondary characteristic classes of V are anchor im- 
ages of de Rham- secondary characteristic classes. 

Proof. We may define the j4-secondary characteristic classes by means of connec- 
tions V°, given by V° = Vjj° ^, V;^ = Vj^^, where Vq is a usual orthogonal 
connection onV ^ M and V ^ is a Bott connection with respect to the foliated 
Lie algebroid (TM^TT). Then, the conclusion holds at the level of forms. □ 

Deformations of foliations were studied by many authors [3 [8], etc., and 
one of the main results is that deformations produce infinitesimal deformations, 
which are cohomology classes of degree 1. Here, we extend this result to defor- 
mations of a foliation S of a Lie algebroid A over (M, JF). 

Definition 4.1. A deformation of the foliation B of yl is a differentiable family 
of foliations Bt ^ A {Q < t < \) where Bo = -B, each Bt is regular and 
= (1^(5*) is a deformation of the foliation T = J-q. 

By differentiability of Bt we mean that each a; G M has a neighborhood U 
endowed with local cross sections (hh{x^t)Yf^^-^ of A that are differentiable with 
respect to {x, t) and define a basis of the local cross sections of the subbundle 
Bt for all t G [0, 1]. In particular, all the subbundles Bt have the same rank p. 

The transition functions of the bases {bh{x, t)) are of the form 

(4.8) bh{x,t) ^ (3^{x,t)bkix,t). 

If we apply the operator {d/dt)t=o, we see that the correspondence 

]mod.B (bh = bh{x, 0)) 

provides a well defined E = A/ B-valued l-i?-form S. The form S will be called 
the infinitesimal deformation form and it has the following invariant expression 

] mod. B 

t=0 

where b{x,t) e TBt is an extension of 6 G B^; the result does not depend on 
the choice of the extension. 

In what follows we identify the cochain complexes (r2(i?),ds) and {fl'-'' (A) , d'^) 
by using a complementary subbundle of B in A; in particular, S is also seen as 
a (0, l)-form. 



(4.9) 



.db{x,t) 



dt 
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Proposition 4.4. The infinitesimal deformation form S is d'^-closed. 

Proof. We begin by deriving a new expression of S. Let us fix a subbundle 
CCA such that A = Bt (B C holds Vt € [0, e) (where e is small enough) and 
consider a local basis (6/,.) of B and a local basis (cg) of C consisting of B-foliated 
cross sections; this yields a foliated basis Cs = [cs]mod. b of A/i?. Then, we have 
expressions 

(4.10) bhix,t) ^ Xl{x,t)bk+ fihix,t)cs, rank{\l)^p, 
therefore, Bt also has a basis of the form 

(4.11) b'^{x,t)^bh + ei{x,t)cs, ei{x,G)^Q. 

The dual cobases of the bases {h'f^{x, t), Cg) are given by 



(4.12) 



b'*''{x,t) = b*''{x,0), c*'{x,t)=c*' ~9l{x,t)b- 



(check the duahty conditions 

<b'*''ix,t),b'^ix,t) >^St<c*%x,t),b'f,{x,t) >=0, 

< b'*''{x,t),Cs >= 0, < c*''{x,t),Cuix,t) >= 5,fJ. 
From ((4lT|) and ((4T2| we get 
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dt 


t=o. 


mod. B 


dt , 



and 
(4.13) 



dt 



dc*^x,t) 



t=0 



dt 



If we denote by the image of S by the vector bundle isomorphism E C, 
which following (14.13^ means that 



(4.14) 



dc*''{x,t) 



dt 



the conclusion of the proposition is equivalent with 

dA^^'ibh,bk) = 0, 

which we see to hold by means of the following calculation. From (|4.14p and 
using the definition of dA we have 

d[dAC*%X,t){b'^ix,t),bi{x,t))] 



dA'Ey{bh,bk) 

^ d[c*^{x,t){[KMM^MA)] 

dt 



dt 

d_ 

' dt 



{prl[b'^{x,t)X{^.t)]A), 



t=o 



where pr^ is the projection defined by the decomposition A ^ Bt ® C. Since 
Bt is closed by A-brackets, the final term of the previous calculation is equal to 
zero. □ 
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Continuing to follow the analogy with foliation theory, we give the following 
definition. 

Definition 4.2. A trivial deformation of the foliation B of the Lie algebroid 
^ is a deformation Bt such that Bt = *t(S), where {^t,^t) {tpt ■ M ^ M) 
is a family of automorphisms of A of the form 'J't — exp{ta) , ipt = exp{t]),AO-), 
a e TA. 

We recall that \l/t = exp{ta) is a (local) 1-parameter group with respect to 
addition on t, which is characterized by the property [15 



{exp(ta))a' — [a,a']A, 'ia,a' £ TA. 

t=o 



Proposition 4.5. The infinitesimal deformation form of a trivial deforma- 
tion is d'^-exact. 

Proof. For a trivial deformation we may use the local bases 

bh{x,t) = exp{ta){bh{exp{-t^Aa){x),Q), 

which implies 

dbh{x,t) r L w ^ 



dt 



hi 



Now, using a decomposition a = a bh + P^Cs, where {bh,Cs) is the basis used 
in (|4.10p . the original definition of S shows that the corresponding form is 
given by 

(4.16) E''{7^%,) - prc{v'>, bhU) = -v'^iMPDcs = -d"^{prca), 

which is equivalent with the required result. □ 

Definition 4.3. Let {A, B) be a foliated Lie algebroid. Two deformations 
Bt ,Bt oi B are equivalent if there exists a cross section a e TA such that 
Bt = exp(ta){Bt), i.e., if they can be deduced from one another by composition 
with a trivial deformation. 

Now, we get the following result: 

Proposition 4.6. Two equivalent deformations have d'^-cohomologous infinites- 
imal deformation forms. 

Proof. For two equivalent deformations Bt , Bt there are local bases related as 
follows 

bh{x,t) = exp{ta){bh{x,t)). 

By applying the operator {d/dt)t=o to this relation and using the computa- 
tion (j4.16p we get the following relation between the corresponding infinitesimal 
deformation forms 

= ^d'^iprca). 

□ 
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The cohomology class [S] G H^{B; A/ B) (the first cohomology space of 
A/ B-Yahied B-forms) is the infinitesimal deformation up to equivalence of the 
foHation B of the Lie algebroid A. 

5 Integration of foliated Lie algebroids 

In this section we briefly discuss the integrabihty of a fohated Lie algebroid. 

Definition 5.1. Let l,r : G ^ M he a Lie groupoid (/, r are the target (left) and 
source (right) projections, respectively), where the unit manifold AI is endowed 
with a foliation J-. We call G an T-Joliated Lie groupoid if it is endowed with a 
foliation Q that has the following properties: 

(i) the leaves of Q are contained in the left fibers, 

(ii) Q is invariant by left translations, 

(ui) the right projection r : {G,Q) {M,T) is a foliated, leaf-wise submer- 
sion. 

It is easy to get the following integrabihty result. 

Proposition 5.1. Let l,r : {G,Q) ^ {M,!F) be a foliated Lie groupoid. Then, 
the Lie algebroid A{G) has a natural structure of a foliated Lie algebroid. Con- 
versely, if (A, B) is a foliated Lie algebroid and A is integrable by the left- fiber 
connected Lie groupoid G, then G has a natural foliation Q that makes G into a 
foliated Lie groupoid such that the restriction to the leaves of Q of the construc- 
tion of A{G) produces a Lie subalgebroid that is isomorphic to B. 

Proof. If we start with the foliated groupoid (G, Q) and construct the Lie al- 
gebroid A{G) by means of the left-invariant vector fields, the invariant vector 
fields that are tangent to the leaves of Q produce a Lie subalgebroid B C A{G). 

Furthermore, if we denote by T'G the tangent bundle to the /-fibers we get 
the exact sequence 

-> T'G T^G/TQ ^ 0, 

where the quotient is a ^-foliated bundle. The foliated cross sections of T'G 
are the infinitesimal automorphisms of TQ and (like for any foliation) span the 
bundle T'G. If the previous sequence is quotientized by left translations we get 
the exact sequence 

O^B^ A{G) A{G)/B 

and we see that the pair {A{G),B) satisfies the foliated generation condition. 
Then, the anchor of A{G) is induced by the differential r, of the right projection 
and its restriction to B is onto T!F because of condition (iii) of Definition 15.11 
Therefore, {A{G),B) is a foliated Lie algebroid over {M,!F). 

Conversely, if we start with a foliated Lie algebroid {A, B) over (M, IF) and 
A = A{G) for the Lie groupoid G, we get the foliation Q by asking it to be 
tangent to the left invariant vector fields that produce cross sections of B (see 
Lemma 2.1 of [17)). Then, the conditions required in Definition 15.11 obviously 
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hold. In particular, condition (iii) follows from the foliated-generation condition 
of {A, B) together with the fact that im [Ib = TT. □ 



6 Foliated Courant algebroids 

We do not intend to develop a theory of foliated Courant algebroid, but, we 
would like to clarify how such a notion should be defined. We refer to [13] for 
the general theory of Courant algebroids. 

Definition 11.11 of a transversal-Lie algebroid suggests the following natural, 
analogous definition. 

Definition 6.1. A transversal- Courant algebroid over the foliated manifold 
(M, F) is a foliated vector bundle E M endowed with a symmetric, non 
degenerate, foliated, inner product g G ^foi 0^ E*, with a foliated morphism 
'■ E vT called the anchor and a skew-symmetric bracket [ , J^; : F^o/i? x 
^foiE TfoiE, such that the following conditions are satisfied: 

1) tl_E[ei,e2]£; = [ttfiei, tt_Ee2]i/:r, 

2) im(ttg o* y) C fcerfts, 

3) EcycM^^2]E,e3]E = (l/3)aEcyci5([ei,e2]B,e3),a/ = (l/2)tt,(*M/), 

4) [ei, /e2]_B = /[ei, e2]E + ((tt£;ei)/)e2 - 5(61,62)5/, 

5) (tl-Be)(5(ei, 62)) = g{[e, eij^ -I- dg{e, ei), 62) -t- g{ei, [e, 62]_b -I- dg{e, 62)). 
In these conditions, 6,61,62,63 £ TjoiE, f G C^i{M,!F) and t denotes trans- 
position. 

Using local, foliated, 5-canonical bases, it is easy to see that *tt£;(A) G T foiE* , 
VA e TfoiiannTT). In particular, V/ £ Cf^i{M,T), df G TfoiE. 

Like for the Courant algebroids, which are obtained if T is the foliation of 
M by points, we will say that the transversal-Courant algebroid E is transitive 
if (Ib is surjective and it is exact if it is transitive and rank E — 2rank vT . The 
reason for this name is that E is exact if and only if the sequence of vector 
bundles 

(6.1) — > annTT E^vT 

where tl(_B,g) — tig °*ttB (therefore, dj = g)d/) is exact. (This follows like for 
Courant algebroids, e.g.. Section 3 of [24].) 

Remark 6.1. For an exact Courant algebroid any choice of a splitting of the 
exact sequence (|6.1|) that has an isotropic image yields an isomorphism E k, 
(TM © T*M) where the latter is endowed with a twisted Courant bracket [2]. 
The brackets of the transitive Courant algebroids were determined in [191 123] 
and may be made explicit by using a splitting as above. These results extend to 
transversal Courant algebroids if we add the hypothesis that the exact sequence 
(|6.ip has a foliated splitting, which is no more an automatic fact. 

Remark 6.2. If £^ is a transversal-Courant algebroid over {M,!F), the local 
projected bundles {Eq^j} are Courant algebroids over the local transversal man- 
ifolds Qu of T. In the case of a submersion M Q with connected and simply 
connected fibers, E ^ M projects to a Courant algebroid over Q. 
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Example 6.1. For any foliated manifold (M, J^) the vector bundle vT®v*T = 
vT © ann TT has the structure of a transversal-Courant algebroid induced by 
the classical Courant structure of the local transversal manifolds Qjj of Remark 

Example 6.2. Let ^ be a Courant algebroid over the foliated manifold (Af , !F) 
and let B be a subbundle of A that is a Courant algebroid with respect to the 
induced Courant bracket, anchor and metric. In particular, the metric induced 
in B must be non degenerate and A = B ® C , C = _B^'. A cross section 
c € TC will be called B-fohated if, V6 G TB, [b, c]a e TB. By the axioms 
of Courant algebroids (see condition 4) of Definition 16. ip we see that, on one 
hand, if the previous condition holds for b it also holds for fb (/ e C°°{M) and, 
on the other hand, if c is _B-foliated and / G C^^; (M, JF) , fc is foliated (use 
g{b,c) = 0). (The definition of a i?-foliated cross section is not correct for an 
arbitrary a G FA.) Now, it makes sense to assume that the pair {A, B) satisfies 
the following conditions (analogous to those in Definition ll.2p : i) ^a{B) = 
TT, ii) rC is locally spanned by the i3-foliated cross sections. Like for Lie 
algebroids (Section 1), these conditions show that C has a natural structure of 
a foliated vector bundle and we may add condition iii) g\c £ Tjoi q"^ C* . From 

i) , we get ^UiannTT) C annB = C*, whence, df £ FC, V/ G Cf^i{M,J^). 
Furthermore, since A is a Courant algebroid we have (see condition 5), Definition 

(6.2) (ttACi)(g(&, C2)) = = g{[ci,b]A+dg{ci,b), c2)+g{b, [ci, c2]A+dg{ci, C2)), 

where b G TB,ci,C2 G FC and ci,C2 are i?-foliated. In view of condition iii), 
(|6.2p becomes 5(6, [ci, C2]a) = 0, therefore, [ci,C2]a G FC. Moreover, using 
axiom 3) for the Courant algebroid A and for the triple (ci , C2 , 6) instead of 
(61,62,63) we see that the bracket [ci,C2]y!i is _B-foliated. Thus, conditions i), 

ii) , iii) imply that (C, jj^lc", [, IaIt/ ic) is a transversal-Courant algebroid over 
(M,^). 

We have formulated the above example because, at the first sight, it could 
indicate the way to the notion of a foliated Courant algebroid. However, it 
seems that there are no corresponding, interesting, concrete examples and we 
shall propose another procedure below. 

Assume that i? is a (7-isotropic subbundle of the Courant algebroid A of 
basis {M, T) such that TB is closed by A-brackets and consider the g-coisotropic 
subbundle C = B^o D B. By replacing ci by b' G FB in ([^ . we see that TB 
is closed by A-brackets if and only if 

(6.3) [6, c]a G FC, V& G FB, Vc G FC. 

Like in Example 1 6. 2) a cross section c G FC will be called B-foliated if, V6 G Fi?, 
[6, c\a & TB and this definition is correct. We will denote by FbC the space of 
i?-foliated cross sections of C. 
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Definition 6.2. Let A be a Courant algebroid over the foliated manifold (M, J^). 
A subbundle B C A will be called a foliation of A if the following conditions 
are satisfied: 

i) S is a (?-isotropic and TB is closed by ^-brackets, 

ii) UiB)=T:F, 

iii) rC, C = B^n , is locally spanned by the B-foliated cross sections, 

iv) for any pair of _B-foliated cross sections ci,C2 G FC one has g{ci,C2) G 

A foliated Courant algebroid is a pair (A, i?) where A is a Courant algebroid 
and _B is a foliation of A. 

Proposition 6.1. If {A, B) is a foliated Courant algebroid over {M, !F), the vec- 
tor bundle E — C / B , C = B^^ , inherits a natural structure of an J- -transversal- 
Courant algebroid. 

Proof. Since B is isotropic, there exist decompositions 

(6.4) A = B®S®B', B®S = C, {B ® B') ±g S, 

where B' is isotropic and g is non degenerate on the components B ® B' and 
5*. We fix such a decomposition and define a structure of transversal- Courant 
algebroid on S. 
Take 

9S = ffis, h Ha {mod.TT), [, ]s ^prs[, ]a, 

where the projection on S is defined by (|6.4p . Like in the proof of Proposition 
11.21 properties ii) and iii) of Definition 16.21 yield a foliated structure of S such 
that s G VS is foliated with respect to this structure if and only if s is B-foliated. 
We check that, Vs G TbC, jJss is J^-fohated. Indeed, if F G FTJT, property ii) 
allows us to write Y — '^Ab, b G TB and we have 

[F, '^as\a = [^Ab, IJasIa = tJA[6, s\a G TTT, 

therefore '^as is a foliated vector field on {M,!F). Thus, [Is is a foliated mor- 
phism. Furthermore, property iv) implies that gs is a foliated metric. 
The decomposition (|6.4p also gives A* — B* (B S* ® B * and we have 

\>g{B)^B'*,\>g{S)^S*,\>g{B')^B*. 

If 7 G anuTT, *ttA7 vanishes on _B, because of property ii), hence, 'tt^T S 
S* © B'* and fgUl G C. In particular, V/ G Cf^i{M,T, df G FC. This fact 
allows us to use again (|6.2p . while taking si, S2 S FsC instead of ci, C2, and we 
see that [si,S2]a G FC. Now, if we write down the equality iii). Definition 16. II 
for the Courant algebroid A and for ei, 62, 63 replaced by si, S2 G F^C, b G TB, 
the right hand side vanishes and we remain with [[si, S2]a^ b]A = 0, which shows 
that [,]s takes foliated cross sections to foliated cross sections. 

Thus, S is endowed with all the structures required by Definition 16.11 and 
it remains to check the conditions l)-5). It is easy to check that ds — Oa 
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on Cjli{M,T). Accordingly, l)-5) are implied by the similar properties of the 
Courant algebroid A (in particular, for 2) we may use the fact that this condition 
is equivalent with g(as/i, ^s/a) = 0, V/i, /a £ Cf^i{M, J^) [H]). The conclusion 
of the proposition follows by transferring the structure obtained on 5 to i? via 
the natural isomorphism E ^ S. □ 

Corollary 6.1. // [A^B) is a foliated Courant algebroid over {AI,J-) and if 
J- consists of the fibers of a submersion M ^ Q with connected and simply 
connected fibers, the vector bundle E = B^o / B projects to a Courant algebroid 
on Q. 

Remark 6.3. If i? is a subbundle of the Courant algebroid A that satisfies 
conditions i), ii) of Definition 16.21 and if we ask the quotient bundle A/B to 
be a transversal-Courant algebroid such that its metric, anchor and bracket be 
induced by those of A, then, obviously, i? is a foliation of A. 

The previous proposition and corollary show the interest of the notion of a 
foliated Courant algebroid. The following examples show that Definition 16.21 is 
reasonable. In these examples T^'^^M — TM © T*M is the Courant algebroid 
defined in [?]; the anchor is the projection on TM and the metric and bracket 
are defined by 

(6.5) (7((Xi,ai),(X2,a2)) = i(ai(X2) + a2(^i)), 



(6.6) [(Xi,ai),(X2,a2)] = ([Xi, X2], ixia2 -ix.ai + -^(01(^2) -a2(Xi))). 

Example 6.3. A regular Dirac structure D C T^'^^M is a foliation of the 
Courant algebroid T^''^ M over (Af, f), where £ is the characteristic foliation of 
D. In this case the quotient bundle is D^n /D = 0. 

Example 6.4. If is a foliation of M, TT is a foliation of the Courant algebroid 
T^'SM. Indeed, using (HH) we get C = T^^T = TM © annTT. A pair 
{X, 7) e rC is TJF-foliated if and only if X is an .F-foliated vector field and 7 is 
an JF- foliated 1-form. The conditions of Definition [6]2] are obviously satisfied and 
the corresponding transversal-Courant algebroid is i? = C /TT = vT ®annTT , 
already mentioned in Example 1 6. II Notice that TT remains a foliation of T^^^M 
if the Courant bracket is twisted by means of a closed 3-form <f> such that 

i(y)$ = 0, vr G TF ED]. 

Example 6.5. Let be a foliation of M and 9 G fi^(M) be a closed 2-form. 
From it is known that Eg = {(F, i{Y)9) / F G TT} is an isotropic subbundle 
of T^'^^M, which is closed by the Courant bracket (|6.6p . and its orthogonal 
bracket is Eg = {{X, i{X)9+j) / X e TM, 7 G amiTT}. A simple computation 
gives 

[{Y,t{Y)9),{X,i{X)9 + ^)] = {[Y,X],i{[Y,X\)9 + Lyi). 
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Accordingly, {X,i{X)e + j) G TE'g is £;9-foliated if and only if X e FfoiTM^j G 
J7jg;(M) and, like in Example 16. 4i the conditions of Definition 16.21 are satisfied 
and Eg is a foliation of T^^^M . Again, the corresponding quotient bundle is 

E'jEg « vT(BannTT. 

Below, we prove a result that has the flavor of a reduction and was inspired by 
[?7] . Let i3 be a foliation of the Courant algebroid A over the foliated manifold 
(M, Let be a submanifold of the base manifold M, and consider the 

restricted vector bundles An,Bn, Cn ~ -^^"^ • 

Proposition 6.2. With the notation above, assume that: 

(i) N is transversal to and has a clean intersection with the leaves of the 
foliation T , 

(ii) (the reduction hypothesis) ttyi(Cjv) ^ TN. 

Then, the vector bundle Epf = Cpf/Bpf is a transversal- Courant algebroid over 

Proof. Since i? is a foliation of A, there exist local bases {bh £ LB, G TbC) 
of rC and the induced local bases of cross sections of £^ — C/B have local 
transition functions of the form [a„]niod._B = c^u['^u\nwd. B such that are 
constant on the leaves of T. Then, are constant on the leaves of JF' too 
and the local bases [a„|Ar]niod. Bn of Fi^Ar define an J^'-foliated structure on E^- 
Using these bases, we see that a cross section of E^ is foliated with respect to the 
J^'-foliated structure of En if and only if, locally, it is of the form [c|Ar]mod. Bn 
where c is _B-foliated. Moreover, the metric induced on En by the metric g of 
A obviously is a foliated metric. 

In view of the reduction hypothesis, the mapping 



produces a vector bundle morphism ]),Ek ■ En vT' , which will be the anchor 
of the required Courant structure on En ■ Like in the proof of Proposition 16. 11 
we can see that this anchor is a foliated morphism. 

Now, we will show the existence of a bracket [ , : LCat x YCn ^ ^En 
induced by the Courant bracket of A. The definition of this bracket is 



where Ci , £2 are arbitrary extensions of Ci , C2 to TC. In order to prove that the 
result does not depend on the choice of the extensions it suffices to show that if 
C2|Ar = then [ci,C2]a{x) G B^. To see that, take a local basis {bh G ri3,a„ G 
TbC) of PC and put C2 = f'^bh + fc"a„ where vanish on A^. Using the 

axioms of a Courant algebroid (see 4) of Definition 16. ip . under the conditions 
above, we remain with 



[c]mod.S l~> 



[tJAclmod.TJP (C G PC) 



(6.7) 



[ci,C2]cN(a^) = [ci,C2]Aix) (mod.B^), x E N, 



[ci,C2]a(x) = - gx(ci{x) , au{x))dk" (x) . 



u 
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Furthermore, for any c G TC we have 

g(c,afc")-i(tt^c)fc" = 

(because jj^c e TN and fc"|jv = 0), therefore, dk^{x) G B^, which ends the 
proof of the correctness of the definition of the bracket (|6.7p . 

The bracket (16. 7p produces a bracket of fohated cross sections of Em as 
follows. If 7 G TfoiE^, then, in a neighborhood of a; G A'^, we may write 
7 = 'Y^y^'^^{x°')[au\N]-mod. Bn ^ which implies that 7 may be represented by a 
cross sections of Cat that has the i?-foliated, local extension 7 — (p'^{x°-)au- 
If we put 

(6.8) [7i,72]£;jv(2;) = [7i|Af,72|w]cjv(a;) = [71, 72] a (a;) {mod.B^), 

we get a well defined bracket on TjoiEn- 

Thus, on Em we have all the components required by the definition of a 
transversal-Courant algebroid over {N,T') and, moreover, these components 
may be seen as restrictions to N of the components of the transversal-Courant 
algebroid E over {M,T) given by Proposition 16.11 Hence, condition l)-5) of 
Definition 16. II are satisfied and we are done. □ 

We finish by the observation that a definition similar to Definition 16.11 may 
be given for a notion of holomorphic Courant algebroid] we just have to replace 
the word "foliated" by "holomorphic" everywhere. Furthermore, if we state 
Definition 16 . 21 for complex vector bundles A, B over a complex analytic manifold 
M, and with TT replaced by the anti-holomorphic tangent bundle of M, we 
get the notion of a foliation of a complex Courant algebroid. The corresponding 
quotient E will be a holomorphic Courant algebroid. Examples 16. 4( 16.51 can be 
adapted to the holomorphic case 
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